On The Photon Anomalous Magnetic Moment 
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It is shown that due to radiative corrections a photon having a non vanishing component of its 
momentum perpendicular to it, bears a non-zero magnetic moment. All modes of propagation of the 
polarization operator in one loop approximation are discussed and in this field regime the dispersion 
equation and the corresponding magnetic moment are derived. Near the first thresholds of cyclotron 
resonance the photon magnetic moment has a peak larger than the electron anomalous magnetic 
moment. Related to this magnetic moment, the arising of some sort of photon "dynamical mass" 
and a gyromagnetic ratio are discussed. These latter results might be interesting in an astrophysical 
context. 
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I. INTRODUCTION 

It was shown by Schwinger 10J that electrons get an 
anomalous magnetic moment // = 01/2717x5 (being fj,g 
the Bohr magneton) due to QED radiative corrections. 
By considering the propagation of electromagnetic radia- 
tion in vacuum in presence of an external magnetic field, 
Shabad Q, L| showed the drastic departure of the photon 
dispersion equation from the light cone curve near the 
energy thresholds for free pair creation. Three different 
modes of photon propagation were found according to 
the eigenvalues of the polarization operator in presence 
of a magnetic field. Some years later, the same property 
was obtained 0, |i[ in the vicinity of the threshold for 
positronium creation. As a result, the problem of the 
propagation of light in empty space, in presence of an 
external magnetic field is similar to the problem of the 
dispersion of light in an anisotropic medium|5(, where the 
role of the medium is played by the polarized vacuum in 
the external magnetic field. An anisotropy is created by 
the preferred direction in space along B. In this con- 
text we can mention other characteristics of magnetized 
quantum vacuum, as the birefringence jaQ) (which plays 
an important role in the photon splitting and capture ef- 
fect), and the vacuum magnetization |8|]. 

From the previous paragraph we may conjecture that, 
similar to the case of the electron [l(|, a photon anoma- 
lous magnetic moment might also exist, as a consequence 
of its radiative corrections in presence of the magnetic 
field. We want to show in what follows that this con- 
jecture is true: the photon having a non vanishing mo- 
mentum component orthogonal to a constant magnetic 
field, exhibits such anomalous magnetic moment due to 
its interaction with the virtual electron-positron pairs in 
the magnetized vacuum where it propagates. 

In order to calculate this photon intrinsic property we 
recall that Schwinger's result [l(| was obtained by a weak 
field approximation of the electron Green's function in 
the self energy operator. In place of using such approxi- 
mation in the calculation of the photon anomalous mag- 
netic moment, we prefer to use the exact form of the 



polarization operator eigenvalue calculated by Batalin 
and Shabad []J, Il7| which provides information about the 
three photon propagation modes in the external classical 
magnetic field. From it we get the photon equation of 
motion, in which we may take the weak as well as the 
strong field limits. In any case, we get that the pho- 
ton acquires a magnetic moment along the external field, 
which is proportional to the electron anomalous magnetic 
moment. 

For the zero field case the photon magnetic moment 
strictly vanishes, but for small fields |B| <§C B c (where 
B c = m 2 /e ~ 4.4 x 10 13 G is the Schwinger critical field) 
it is significant for a wide range of frequencies. This 
might be interesting in an astrophysical context, for in- 
stance, in the propagation and light deflection near a 
dense magnetized object. 

Moreover, the photon anomalous magnetic moment in 
the case of strong magnetic fields, may play an impor- 
tant role in the propagation of electromagnetic radiation 
through the magnetospheres of neutron stars [14J and 
in other stellar objects where large magnetic fields arise 
B > B c . The free and bound pai r creation of electrons 
and positrons at the thresholds [ill ll2L fl3l| is related to a 
production and propagation of 7 radiation |15l Il6| . 

The paper has the following structure: in the Sec. II 
from the general solution of the dispersion equation of 
the polarization operator we analyze the interaction term 
and defined a magnetic moment of the photon. In section 
III we obtain from [lj the three eigenvalues of the polar- 
ization operator calculated in one loop approximation in 
the weak field limit and the expression of the magnetic 
moment under this field regime. 

In Sec. IV and V the magnetic moment is obtained 
in the strong magnetic field limit for the photon and the 
photon-positronium mixed state when both particles are 
created in the Landau ground state n! = n = 0. We will 
refer also to the case when one of the particles appear 
in the first excited state n = 1, and the other in the 
Landau ground state. We discuss mainly the so-called 
second mode of propagation near the first pair creation 
threshold nl = n = 0, since as it was studied in [l4[, in 



the realistic conditions of production and propagation of 
7— quanta the third mode decays into the second mode 
via the photon splitting 7 — > 77 process ja,0|- Moreover, 
higher thresholds are damped by the quasi-stationarity of 
the electron and positron states on excited Landau levels 
n > 1 or n' > 1 , which may fall down to the ground state 
with a photon emitted. 

Finally in the Sec. VI the results are analyzed and 
some remarks and conclusions are given in Sec. VI on 
the basis of comparing the photon behavior with that of 
a neutral massive particle with non-vanishing magnetic 
moment which interacts with the external field IBI ~ B„. 



a^ ' is transverse [E ■ ^ n P a per lj it was shown that 
the dispersion law of a photon propagating in vacuum 
in a strong magnetic field is given for each mode by the 
solution of the equations 



k 2 = A I k' 



kF 2 k kF 2 k 
2T ' 2T 



,B , * = 1,2,3 (4) 



The 7r's are the eigenvalues of the polarization operator 
n M ^(fc) with the electron and the positron in the Landau 
levels n and n' or viceversa. 
By solving Q for z\ = k 2 - 
it results 



kF 2 k 
IT 



in terms of kF 2 k/2J : 



II. THE INTERACTION ENERGY AND THE 
MAGNETIC MOMENT OF THE RADIATION 

In paper[17| it was shown that the presence of the 
constant magnetic field, creates, in addition to the pho- 
ton momentum four- vector fc M , three other four- vectors, 
F^kP, F 2 p kP, F; p kP, where F plJ = d^A y - d v A„ is the 
electromagnetic field tensor and F* = ^e tlvpK F pK its 
dual pseudotensor. One get from these four-vectors three 
basic independent scalars k 2 , kF 2 k, kF* 2 k, which in ad- 

F lin FPP = \B 2 , are a 



4 X W 



(') 



dition to the field invariant T 

set of four basic scalars of our problem. 

In correspondence to each eigenvalue ^' n i, i = 1, 2, 3 

the polarization tensor has an eigenvector a^ (x). The 
basic vectors jlj are obtained by normalizing the set of 
four vectors C] L = k 2 F 2 x k x - k^{kF 2 k), C% = F* x k x , 

C p = F^\k x , C p — kfj,. The first three satisfy in general 
the four-dimensional transversality condition C p ,2,3 kP — 
0, whereas it is Ci\C A P = only in the light cone. 

By considering atf (x) as the electromagnetic four vec- 
tor describing the eigenmodes, it is easy to obtain the 
corresponding electric and magnetic fields of each mode 
e« = gf^a (l) - jka { Q } , hW = V x a« . Up to a factor of 
proportionality, we rewrite them from [jj](see also |ll|). 

e (1) = -k ± k 2 uj, h (1) = [kxk||]/c 2 ,(l) 

ef = k ± k 2 , e[, 2) = k,| (k 2 - u; 2 ), h^ = [k ± x k||]w, (2) 

e (3) = [k ± x k||]w, h^ = -kxifef, h[, 3) = -k||fei.(3) 

The previous formulae refer to the reference frame which 
is at rest or moving parallel to B. The vectors kj^ and 
ky are the components of k across and along B z (Here 
the photon four-momentum squared, k 2 — k\ + k 2 —u 2 ). 
It is easy to see that the mode i — 3 is a transverse plane 
polarized wave with its electric field orthogonal to the 
plane determined by the vectors (B,k). For propagation 

orthogonal to B, the mode a)i is a pure longitudinal 

(2) 
and non physical electric wave, whereas a)i is transverse. 

(2) 

For propagation parallel to B, the mode a^ becomes 
purely electric longitudinal (and non physical), whereas 



UJ 



fi ( 2JT > B 



(5) 



The term /, {kF 2 k/2J z ', B) is due to the interaction of 
the photon with the virtual e ± pairs in the external field, 
leading to the magnetization of vacuum|£|- Moreover it 
causes a drastic departure of the photon dispersion equa- 
tion from the light cone curve near the energy thresholds 
for free pair creation. 

This characteristic stems from the arising of bound 
states in the external field, leading to a singular behavior 
of the polarization operator Tl pl ,(k) near the pair creation 
thresholds for electrons and positrons. These particles, 
coming from the photon decay in the external field, ap- 
pear in Landau levels n and n' (cyclotron resonance), 
or either still stronger singular behavior of 11^,, near the 
thresholds of an e + e _ bound state (due to positronium 
formation) . 

To understand the different behavior of 11^, (k) in pres- 
ence of an external magnetic field, as compared to the 
zero field case, we recall that in the latter problem the 
polarization operator is rotationally invariant with re- 
gard to the only significant four- vector, fc M , whereas in 
the magnetic field case this symmetry is reduced to ax- 
ial. Thus, it is invariant under rotations in the plane 
perpendicular to the external field B. 

The presence of the interaction energy of the photon 
with the electron-positron field opens the possibility of 
defining a magnetic moment for the photon, for this we 
expand the dispersion equation in linear terms of AB = 
B — B r around some field value B r , 



u{B) =uj{B r ) + 



f du dkF 2 k duj 
\dkF 2 k dB + ~dB 



AB (6) 



B = B r 



This means that, in the rest frame, where no electric 
field exists the photon exhibits a longitudinal magnetic 
moment given by 



A*7 



-2fc 2 B, 



du 



dw 



dkF 2 k <9B 2 



II 



(7) 



B=B r 



where km is an unit vector in the direction along the mag- 
netic field B r = B z . 

The modulus of the magnetic moment along B can be 
expressed as /x 7 = (J-'g-y where the factor g 7 is a sort of 



gyromagnetic ratio. As in the case of the electron |l8j /x 7 
is not a constant of motion, but is a quantum average. 

As different from the classical theory of propagation of 
electromagnetic radiation in presence of a constant ex- 
ternal magnetic field, it is expected that /x 7 be different 
from zero due to radiative corrections, which are depen- 
dent on |B| = B z — B. The magnetic moment is induced 
by the external field on the photon through its interac- 
tion with the polarized electron-positron virtual quanta 
of vacuum and is oriented along z. 

The gauge invariance property 7r"'(0,0) = im- 
plies that the function fi(kF 2 k/2J 7 ,B) vanishes when 
kF 2 kj2T — 0, this means that the anomalous magnetic 
moment of the photon is a magnitude subject to the 
gauge invariance property of the theory and therefore 
when the propagation is parallel to B, k±_ = 0, is can- 
celled. In every mode, including positronium formation 



/i 7 = if k± = 



(8) 



therefore the magnetic moment of the radiation is deter- 
mined essentially by the perpendicular photon momen- 
tum component and this determines the optical proper- 
ties of the quantum vacuum. 

Particularly interesting is the case when B r = B r z — > 0. 
If B is assumed small (|B| <C B c ), the dispersion law can 
be written as 



A* 7 



B 



(9) 



The first term of © corresponds to the light cone equa- 
tion, whereas the second contains the dipole moment con- 
tribution of the virtual pairs e . 

By substitution of JjJ) in @ and © we obtain that the 
electric and magnetic fields of the radiation correspond- 
ing to the second and third modes are increased by the 
factors 



Ae[ | 2) =2^ 2 )B 2 |k|k 



Ah (2) = Ae< 3 > = -fi^B z [k ± x k,,]. 



(10) 



fill 



Therefore, the magnetic moment of the photon leads to 
linear effects in quantum electrodynamics and in conse- 
quence the refraction index rv l > = |k|/o;j in mode i is 
given by 



,W - 



1 



(0 



B z 



(12) 



the gauge invariant property © implies that the refrac- 
tion index for parallel propagation, k±_ = 0, be exactly 
unity: for any mode ni = 1 . This can be reinterpreted by 
saying that for parallel propagation to B z the refraction 
index is equal to unity due to the vanishing of the photon 
magnetic moment. 

The components of the group velocity, (v^- 1 = Vuu>i), 
vjii can be written as 



,(0 



dk~[ 



|k| d$ 
k i dk i 



B, 



(13) 



and 



,(*) 



dku 



s(-# b - 



(14) 



It follows from {T3J| and (JT3JI that the angle 0® be- 
tween the direction of the group velocity and the external 
magnetic field satisfies the relation 



tan6» (i) 






k± dk± 



l + ^T B z) tan ^> 



being $ the angle between the photon momentum and B, 
with tanz? = fej_/feii. 



III. THE POLARIZATION EIGENVALUES IN 
WEAK FIELD LIMIT 

In this paper we shall only deal with the transparency 
region (we do not consider the absorption of the photon 
to create observable e ± pairs), u 2 — k 2 < k' 2 )i.e., we will 
keep our discussion within the kinematic domain, where 
""12 3 are real, where 



k' ± = m 



(i 



2 I" : 



1/2 



(1 



^'^ 



(15) 



is the pair creation squared threshold energy, with the 
electron and positron in Landau levels n,n' ^ 0). We 
will be interested in a photon whose energy is near the 
pair creation threshold energy. 

In the limit B -C B c and in one loop approximation 
the first and third modes with energies range less than 
the first cyclotron resonance, whose energy is given by 
2mo, does not show any singular behavior and in this 
sense they behave similarly to the eigenvalues does not 
contribute. It follows that the dispersion law for the first 
and third modes are given by Wi = W3 = |k|. 

Nevertheless, from the calculations made in appendix 
A it is seen that the second eigenvalue can be expressed 
as in the low frequency limit 4m 2 , S> k 2 ' 



T 



as 



7T2 



2fi'B kF 2 k ( kF 2 k B c 
■ exp 



m 2T \Am^ B 



(16) 



Here // = (a/2Tr)(iB is the anomalous magnetic moment 
of the electron. 

This means that the dispersion equation for the second 
mode has the solution 



k 2 

fc„ 



kF 2 k 
2T 



2u!B ( kF 2 k B c , . 



m 



Am 2 ? B 



For values of energies and magnetic fields for which the 
exponential factor in 116J I is of order unity we get 



kF 2 k 



II ^T 



1 - 



2fi'B 
mo 



7 2 

~3 





/Is 






B 2 




-"-^"^ B 3 




B 1 <B 2 <B 3 



kj 



FIG. 1: Dispersion curves for second mode in the first cy- 
clotron resonance for different values of weak field. The dotted 
line represent the light cone curve, the dashed line correspond 
to the threshold energy for pair formation k± — Am . 



In such case the magnetic moment is determined by 

H 1 kF 2 k . . 

^ = -m |k| 2T (18) 

in the case of perpendicular propagation 

H'k± 



/'-, 



'«o 



(19) 



For perpendicular propagation to B Zl (k\\ = 0), and 
although the present approximation is not strictly valid 
for fcj_ — » 2mo the photon anomalous magnetic moment 
is of order 



/U 7 ~ 2// 



(20) 



which we can be approximated as 

u'B kF 2 k 
" = |k| + m |k| 2T 



J 



Below we will get a larger value near the first pair 
creation threshold. In the table below we show some 






values such that exp 



fcl b c 

2rn B 



1 corresponding 



to ranges of X- rays energies and magnetic field values. 



m lCT s B = 1 G 



IfFV 



u 



m 10-°\B = 10" G 



10"V 



m 10^|B = 10 o G 



io _ v 



m lQ- z \B = 10 1Z G 



10~^/7 



r 



According to l|12|l the refraction index in the weak field 
approximation and low frequency limit is given by 



i^ = 1 



m |k| ; 



;B. 



It must be noticed that when the propagation is per- 
pendicular to B z the refraction index is maximum 



m 



From (|13|) and (|14|l we obtain that the absolute value 
of the group velocity is given by 



r (2) 



1 



(2) 



B. 



(21) 



in the last expression we neglected the term B z squared. 
In the particular case k\\ = 



,( 2 )_ 



/' 



= 1- -!—B. 

m 



(22) 



In the asymptotic region of supercritical magnetic 
fields B ^S> B c and restricted energy of longitudinal 
motion [ij| io 2 — k 2 <C (B / B c )m,Q, in the low frequency 
limit the behavior of the photon propagating in the sec- 
ond mode is equal to the case of weak magnetic field (|16|l . 



When the magnetic field B ~ B c , the photon magnetic 
moment can be approximated by (|18fl . For a typical X 
ray photon of wavelength ~ A, and propagation perpen- 
dicular to B z , its magnetic moment has values of order 
/i 7 ~ 10~ 2 fi' in this case. This behavior is also present 
in the photon-positronium mixed state. 



IV. THE CYCLOTRON RESONANCE 

Similarly to the case of strong magnetic field (B > B c ), 
the singularity corresponding to cyclotron resonance ap- 
pears in the second mode when B ^ B c . The corre- 
sponding eigenvalue near of the first pair creation thresh- 
old is given by 



7T2 



2amQB 
B r 



exp 



/ kF 2 k B c 
\4m 2 F~B 



4m + [k 2 + 



kF 2 k 
IT 



1/2 



The term exp(kF 2 kB c /4mQj r B) plays an important 
role in the cyclotron resonance, both in the weak and the 
large field regime. The solution of the equation |0J for 
the second mode (first obtained by Shabad 2]) is shown 
schematically in FigQ] In this picture, it is noted the de- 
parture of the dispersion law from the light cone curve. 
For the first threshold the deflection increases with in- 
creasing external magnetic field. In the vicinity of the 



first threshold the solutions of Q and (|23|l are similar to 
the case of strong magnetic field regime, therefore, in or- 
der to show the results in a more compact form let us use 
the form used in [ijj. In it the eigenvalues of T\. tlv (k\A ( rf t ) 
near the thresholds can be written approximately as 



r W 



2tt< 



di) 



|A| 



with |A| = ((k'l - kf)(kf + k 2 + ^i))V2 and 



kT = ml 



(l + 2 |-n) 1 / 2 -(l + 2fn') 1 / 2 



(24) 



, (25) 



where 



Q = 6nV3D - A* 3 + 54tt 2 ^ ) „ 2 , (kf - k'l) 



„'2\2 



with 



D = 



\ 



-(kf - K'PA'^'Z 



The solution z\ = f\ , where z\ 



(i) 



1- 



27^^,{kf-k'lY 



A* 3 
lu 2 — k 2 , concern 
the values of k\ exceeding the root k* 2 of the equation 
D = 0, approximately equal to 



where k'l is the squared threshold energy for e 



pair 



production, and k" 2 is the squared threshold energy for 
excitation between Landau levels n, n' of an electron or 
positron. The functions <p£ n , are rewritten from [fj in 
the Appendix B. 

In the vicinity of the first resonance n = n' = and 
considering k±_ ^ and fc|| ^ 0, according to 0, 01 the 
physical eigenwaves are described by the second and third 
modes, but only the second mode has a singular behavior 

(2) 

near the threshold and the function <jr ^, has the struc- 
ture 



„*2 



'^TnWl) 



1/3 



k" 2 



k'l 



(for k\ < k* 2 , D becomes complex). Besides (I28|) . there 
are two other solutions of the above- mentioned cubic 
equation resulting from substituting (|2"4"j) in jSiit - These 
are complex solutions and are located in the second sheet 
of the complex plane of the variable z\ = u> 2 — k 2 . At 
k\ > k* 2 these two complex solutions are given by 



6 (2) 



2aBr 



ttB c 



-exp 



kF 2 k B c 
Am 2 T~B 



(26) , 



In this case k 



112 



and k'\ 



Am 2 , is the threshold 



energy. 

When B = B z , the scalar kF 2 kj2T = -k\ and 
the approximation of the modes l|24|l turns the disper- 
sion equation l|50() into a cubic equation in the variable 
z\ = u) 2 — k 2 that can be solved by applying the Cardano 
formula. We will refer in the following to (|SJ) as the real 
solution of this equation. 

We would define the function 



(2) 



and 



A3) = 1 
Ji g 



2(2kj_ 



(l+iV3)A* 2 

(kf - k'i)g^ 



2{2kl + k'l)- 



{l-iV3)A* 2 

(kf - k'l )g 1 ' 3 



iy^)G 1/3 ' 



U/2 _ foil 



(i + iVi)g 1/3 



kf 



k' 2 



but they are not interesting to us in the present context. 
We should define the functions 



A* = (kf - k'l)(k 2 x - k'j 



(27) 



to simplify the form of the solutions J5J of the equation 
1(50). The functions /» are dependent on k\,k'l,k" 2 ,B, 
and are 



/, 



(i) 



2k\ 



k' 2 



(k 



H2 



A 



*2 



k'l)gv 3 



01/3 



k'l 



"(28) 



/Cj_ ~T K_L 



and 






which are positive for all possible values of n and n' . 

Now the magnetic moment of the photon can be 
derived by taking the implicit derivative du> / dB z and 
duj / dkF 2 k in the dispersion equation, from Q} and l|24|) 
it is obtained that 



M« = 



2w(|A| 3 - 4 7 r^; ) „,m„m„0 



b {i) l A dmn 

">«' \ dB 



dB 



« 



-2A 



2 ^C; 



SB 



(29) 



being 



-Am n >[zi - (m n +m„')(3m„ +%)] > 



and 



= -Am n [z\ - (m„ + m n ,)(m n + 3m„/)] > 0. 
I 



The expression (I29|l contains terms with paramagnetic 
and diamagnetic behavior, in which, as is typical in the 
relativistic case, the dependence of y, on B is non-linear. 
It contains also diamagnetic terms, depending on the sign 

of (j> nn i and its derivatives with regard to B: if 4> nn , > 
the first term in the bracket, contributes paramagneti- 



cally 



'^ > and ^g 



> 0), if ^> n , < the sign of 



this term is opposite and its contribution is diamagnetic. 
The second term of (|29|) will be paramagnetic or diamag- 

(i) 

netic depending on the sign of the derivative of the <t> nn i 
with regard to B. 

In particular if n = n' 



with A 



-4m n [zi - 8ml] > 



In the vicinity of the first threshold k" 2 = 0, k' 2 



4ml 



and dm n /dB = when n = 0, therefore for the second 
mode the absolute value of the magnetic moment is given 
by 



« (2) = — 



t|A| 2 



u> ( |A|3 - Amfatg 



M 



dB 



(31) 



4° 



w(|A| 3 - ATt^ml) 



<®A 



dm n 
dB 



A 2 



fcW 



dB 



(30) One can write the 1)3 111 in explicit form as 



^ 



U>Br 



am: 



g (4m 2 + Ac 2 + *g*) exp ( 



fcF 2 fc B c 



(4m 2 + fc 2 + M^)3/2 + am 



L 0B a 



exp 



kF^kBc 
4m'ir B 



kF 2 k B c 
AmlT~B 



(32) 



if we consider for simplicity propagation perpendicular to 
the field B, and to near the threshold 2too, the function 
/jiy = f(X), where X = -\/4m, 2 — uj 2 has a maximum 

(2) i/ 3 

for X = 7T0QQ /too , which is very near the threshold. 

Thus, for perpendicular propagation the expression 
(|32|l has a maximum value when k\ ~ fc^. Therefore 
in a vicinity of the first pair creation threshold the mag- 
netic moment of the photon has a paramagnetic behavior 
and a resonance peak whose value is given by 



as due to the interaction of the photon with the polarized 
e^ pairs. 

The expression (|33|) presents a maximum when B ~ 
-B c , in such case the magnetic moment is given by 



M 7 



3// 



2a 



1/3 



12.85// 



(35) 



w (2) = 



ml(B + 2B c 
2im 1 B 2 



„ -B / 2S C 

2a s: cxp r-^ 



-i 2/3 



(33) 



We would like to define the "dynamical mass" to 7 of 
the photon in presence of a strong magnetic field by the 
equation 



m 



(2) 



L0(k' 2 ) 



'Ami 



' B 

2a — exp 

B r . 



2B C 



-i 2/3 



(34) 

From (|33|l it is seen that near the pair creation thresh- 
old, the magnetic moment induced by the external field 
in the photon as a result of its interaction with the po- 
larized electron-positron quanta of vacuum, has a peak 
(Fig. 3). This is a resonance peak, and we understand it 



The arising of a photon dynamical mass is a conse- 
quence of the radiative corrections, which become signif- 
icant for photon energies near the pair creation thresh- 
old and magnetic fields large enough to make significant 
the exponential term exp(/cF 2 /cS c /4m 2 JFS) = e - k l/ eB . 
This means that the massless photon coexists with the 
massive pair, leading to a behavior very similar to that 
of a neutral vector particle |20j bearing a magnetic mo- 
ment. One should notice from l|34|) that the dynamical 
mass decrease with the increasing field intensity, which 
suggests that the interaction energy of the photon with 
its environment increase for magnetic fields far greater 
than B c near the first threshold, when the photon coex- 
ist with the virtual pair. 

The problem of neutral vector particles is studied else- 



where |21|. The energy eigenvalues being 



E(p, B, 77) = \jp\ +pI+ M 2 + V(\/P± + M 2 )qB, 

(36) 

where the second square root expresses the dependence of 
the eigenvalues on the " transverse energy" , proportional 
to the scalar pF 2 pjT . We have r\ — 0,±1, and q being 
a quantity having the dimensions of magnetic moment. 
In what follows we exclude the value r\ = 0, since it cor- 
responds to the case of no interaction with the external 
field B. We have that for i) = — 1 the magnetic moment 
is \i 



±- 



— q , which is divergent at the threshold 

y/M 2 -MqB 

M = qB. The behavior of the photon near the critical 
field B c closely resembles this behavior, since it has a 
maximum value at the threshold. 

For B z ^> B c although the vacuum is strongly polar- 



ized, the photon shows a weaker polarization, i.e the con- 
tribution from the singular behavior near the thresholds 
decreases. Actually, the propagation is being decreased 
due to an increasing in the imaginary part of the pho- 
ton energy T (we have the total frequency u> = u) r + iT, 
where uj r is the real part of it). As the modes are bent 
to propagate parallel to B, they propagate in an increas- 
ingly absorbent medium. But for B » B c we are in a 
region beyond QED and new phenomena related to the 
standard model may appear, as for instance, the creation 
of /i ± pairs, and their subsequent decay according to the 
allowed channels. 



As opposite to the second mode case, the polarization 
eigenvalue from the third mode in supercritical magnetic 
field does not manifest a singular behavior in the first 
resonance [5j . In this case the eigenvalues are given by 



J 



7T3 



ak 2 
3tt 



'4 



a ( kF 2 k /,, kF 2 k 



(37) 



In this case the dispersion equation has the solution 



U) 



2T 



1 



Sir \ B r 



C -1.21 



(38) 



r 



being C is Euler constant. For fields B ~ B c so that the 
logarithmic terms are small, the corresponding magnetic 
moment is given by 



/4 3) = 



2/Y 



k\ 



3mo to 



(39) 



for perpendicular propagation to B z and for photons with 
energies near of mr> the magnetic moment of the photon 
propagating in the third mode has a value of /j,\ ~ [x . 



V. MAGNETIC MOMENT FOR THE 
PHOTON-POSITRONIUM MIXED STATES 

In the case of positronium formation, by following |l3l 
Il4| . neglecting the retardation effect and in the lowest 
adiabatic approximation, the Bethe-Salpeter equation is 
reduced to a Schrodinger equation in the variable (z e —z p ) 
which governs the relative motion along B of the electron 
and positron. 

Under such approximations, the conservation law in- 
duced by the traslational invariance takes the form p x — 
Px + Px — fc-L ■ Therefore the binding energy depends on 
the distance between the y-coordinatcs of the centers of 
the electron and positron orbits | j/q — j/q j = p x /yeB. 

The Schrodinger equation mentioned includes the at- 
tractive coulomb force whose potential in our case has 



the form 



V nn> (z e 



') 



y/{z e - Z P) 2 + L A p 2 x 

where L = (eB)^ 1 ! 2 is the radius of the electron or- 
bit. The eigenvalue of this equation Ae„ in /(n c , k\ ) is the 
binding energy of the particles which is numbered by a 
discrete number n c that identifies the Coulomb-bound 
state for Ae n . n '(n c , k 2 ^) > and by a continuous one in 
the opposite case. 

The energy of the pair which does not move along the 
external magnetic field is given by 

e n , n > K, fci) = k' ± + A£ nX (n c , k\) (40) 

In this paper we will consider the case in which the 
Coulomb state is n c = 0, here the binding energy is given 
by the expression of the eigenvalues of this equation, 

-2 



Ae nX (0,fci) 



a 2 M r 



2 In 



2y/L 2 + L±P 2 



(41) 

where a™ = l/e 2 M r is Bohr radius and M r — 

m n m n i j (m n + m„/) the reduced mass of the bound pair. 

The dispersion equation of the positronium is given by 



k n — uj = — - 



2vr$ 



(i) 

nn'n c 



- IV* 



(42) 



For each set of discrete quantum number n, n', n c , 
equation 142|) is quadratic with regard to the variable 



21 



k?, and its solutions are 



fi — 2 \ £ nn'n c (k±-) + ["a± 



(43) 



(sL'nM) ~ ki) 2 - 8n^, (k'i)} 



ll/2 



At the first cyclotron resonance n = nf = 0, the func- 
tion $ooo that define the second mode has the structure 



with 
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where 



|lfooo(0)| s 



In 
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a \ 


M^m. 



is the wave function squared of the longitudinal 

motion^ at z& = zV ■ 

In the case of photon-positronium mixed states we ob- 
tain from 10 and (g2J that 
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ttT 



w(kf. 
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being 



-(n c )$ 
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de <9$ 
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dB 



Following the reasoning of (|33|l . for magnetic fields 
B ^- B c one can define the dynamical mass of the 
photon-positronium mixed state in the first threshold 
for positronium energy, e 1 ~ 3.996mQ and perpendicu- 
lar propagation as 



2m^a 



B c \ 2a B c 



1/2 



in this regime 
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(46) 



(47) 



when fen = 0. 

In a similar way to the free pair creation, the behavior 
of the magnetic moment of the magnetic moment of the 
mixed state for n, n' ^ can be paramagnetic for some 
values of Landau numbers and intervals in momentum 
space, and diamagnetic in other ones. 



VI. RESULTS AND DISCUSSION 

For perpendicular propagation the dependence of the 
magnetic moment with regard k\ in the first resonance 
k'1^ = 4m,Q is displayed in FIG.Elfor free pair creation and 
photon-positronium mixed state. Both curves show the 
same qualitative behavior. As it was expected, near the 
threshold energy appears the peak characteristic of the 
resonance. The result shows that near the pair creation 
threshold the magnetic moment of a photon may have 
values greater than the anomalous magnetic moment of 
the electron. (Numerical calculations range from to 
more than 12 //). This result is related to the probability 
of the pair creation, which is maximum in the first reso- 
nant form when k±_ = 2toq, and increase with B, because 
the medium is becoming absorbent. 



i-i' 




FIG. 2: Magnetic moment curves of the photon (dark) 
and photon-positronium mixed states (dashed) with regard 
to perpendicular momentum squared, for the second mode 



We observe that near the thresholds the behavior of 
the curves is the same for all pairs ui, fcii satisfying the 
condition uj 2 — k?, = k'±_. 

In all curves the magnetic moment decrease for mo- 
mentum values k\ > Attiq. Therefore the vacuum polar- 
ization decreases, thus, the magnetic moment tends to 
vanish as it is shown in FIG. [21 We interpret these results 
in the sense that for photons with squared transversal 
component of the momenta greater than 4mg the prob- 
ability of free pair creation in the Landau ground state 
(and positronium creation) decrease very fast, since that 
region of momenta is to be considered inside the trans- 
parency region corresponding to the next thresholds, i.e., 
n = 0, n' = 1 or vice- versa. 

The behavior of the magnetic moment with regard to 
the field is shown in the FIG. |21 for the case of photon 
and photon-positronium mixed state. The picture was 
obtained in the field interval < B < 10B C by consider- 
ing perpendicular propagation and taking the values of 
the momentum squared as equal to the absolute values 
of the threshold energies of free and bound pair creation. 
Here, as opposite to the case of low frequency, the mag- 
netic moment of the photon tend to vanish when B — > 0. 







FIG. 3: Magnetic moment curves for the photon and photon- 
positronium mixed states with regard to external magnetic 
field strength. The propagation is perpendicular to B and 
the values of the perpendicular momentum are equal to the 
absolute values of the free and bound threshold energies. The 
first (continuous) curve refers to the photon whereas the sec- 
ond (dashed) corresponds to the photon-positronium mixed 
state. 



We note that, again, the magnetic moment of the pho- 
ton is greater than // . In correspondence with figs. [21 the 
magnetic moment of the photon not considering Coulomb 
interaction, is greater than the corresponding to photon- 
positronium mixed state. This result is to be expected 
due to the existence of the binding energy, in the latter 
case it entails a decrease of the threshold energy. Each 
curve has a maximum value, this maximum for the free 
pair creation is approximately B « 1.5B Cl whereas for 
photon-positron bound state the value is B rs B c . 




FIG. 4: Photon dynamical mass dependence with regard the 
external magnetic field of the photon-positronium (dashed) 
and photon-free pair (dark) mixed states. Both curves were 
obtained near the corresponding first thresholds for each pro- 



In fig. 01 we display the photon dynamical mass depen- 
dence on the magnetic field, by considering perpendicular 
propagation near the thresholds, for free and bound pair 
creation and for the second mode. It is shown that for 
that mode, the dynamical mass decreases with increasing 
magnetic field. 

For magnetic field values B > 1.5B C the dynamical 



mass of the photon-positronium mixed state is greater 
than the corresponding to the case of free pair creation 
which suggests that the latter is more probable that the 
bound state case. 
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FIG. 5: Curves for the modulus of the photon magnetic mo- 
ment with regard to the perpendicular momentum squared, 
near the pair creation threshold for the second mode k'± — 
7A6m,Q with n = 0, n' = 1 and for perpendicular propaga- 
tion. The value of the external magnetic field used for calcu- 
lation are B — B c . The dashed line correspond to photon- 
positronium mixed state, whereas the dark line to the free 
pair creation. 



We have found that when the particles are created 
in excited states the behavior of the magnetic moment 
reaches higher values with regard the case analyzed pre- 
viously when fc^ = k'1 and B ^ B c . Calculation points 
out that these values may be of order 10 2 //. The new val- 
ues obtained come fundamentally due to the fact of the 
threshold energies, which depend on the magnetic field B 
(see Fig. 2). The new behavior of the photon and photon- 
positronium mixed state is shown in the FigEJand Fig. 
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FIG. 6: Curves for the modulus of the photon magnetic mo- 
ment (dark) and photon-positronium mixed states(dashed) 
plotted with regard to the external magnetic field strength 
when the propagation is perpendicular to B and the values of 
the perpendicular momentum squared is equal to the values 
of the free and bound threshold energies for n — and n! = 1. 

In this case the dynamical mass Fig0 as different 
from the previous case, increases with increasing mag- 
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netic field. This means that the magnetic field confine 
the virtual particles near the threshold when these tend 
to be created in excited states. The dynamical mass of 
the positronium in such conditions is always smaller than 
the corresponding to free pair creation, which suggests 
that the bound state pair creation in this configuration 
is more probable. 



mations, the magnetic moment of the photon also exists 
and is slowly dependent of the magnetic field intensity 
in some range of frequencies, whereas the high frequency 
limit it depends on |B|. In both cases it vanishes when 
B->0. 

Under these conditions, the behavior of the photon is 
similar to a vector neutral massive particle. 
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FIG. 7: Photon dynamical mass dependence with regard the 
external magnetic field of the photon-positronium (dashed) 
and photon-free pair (dark) being n = and n' = 1. Both 
curves were obtained in the corresponding energy thresholds. 



VII. CONCLUSION 

We conclude, first, that a photon propagating in vac- 
uum in presence of an external magnetic field, exhibits 
a nonzero magnetic moment and a sort of dynamical 
mass due to the magnetic field. This phenomenon occurs 
whenever the photon has a nonzero perpendicular mo- 
mentum component to the external magnetic field. The 
values of this anomalous magnetic moment depend on 
the propagation mode and magnetic field regime. The 
maximum value taken by the photon magnetic moment 
is greater than the anomalous magnetic moment of the 
electron in a strong magnetic field. 

Second, in the small field and low frequency approxi- 
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IX. APPENDIX A 

The three eigenvalues 7Tj = 1,2,3 of the polarization 
operator in one loop approximation, calculated using the 
exact propagator of electron in an external magnetic field, 
can be expressed as linear combination of three functions 
Y>i. In what follows we will call x = B / ' B c 



1 



TTl 



7T2 = 



fc 2 Si, 



7T:S 



1 / fkF 2 k 

2 l^V IT 

1 ffkF 2 k 

2 l^V 2.F 



kF 2 k 
^2 TT^Z-'l 



Si 



2T 

kF 2 k 

2T 



(48) 

(49) 

E :i ! • (50) 



where T = \- and 
We express 



S j: = E« 



.(2) 



being 

S«(x) = ^ f°dte-*/* t dv 

n Jo J-i 



(51) 



o»(t,77) li m ' Ji ^'^ 



sinht t— >0 sinht 

(52) 



and 
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-t/x f 1 jVi&V) 



^\x,kF 2 k,k 2 ,T) = - f dte-*'* [ d V ^ll 
it J J_ x smht 



fkF 2 kM(t,n) (kF 2 k ,o\ l-r, 2 



V 2J 7 mix V 2-T 7 



- 1 



, (53) 



where 



M(t,rj) 



cosht — cosh?7t 
2 sinht 



(54) 



\~r) 2 
&2 (t, rf) = — - — cosht, 



(56) 



<7l(t,V) 



1 — r\ sinh(l + rf)t 
2 sinh t 



(55) 
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2 sinh 2 t 



(57) 
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Express S^ ' as 



7T Jo 



i(*) 



sinht 



1) 
3t 



Here 

and in explicit form 
9i(t) 



drjai(t,r))dr) 
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/ sinh It 



32 (t) 

33 (t) 



4* sinh i \ t 

coshi 



-2 
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cosh i 



sinh £ 



Let 



sinh 2 £ \ 



m(t) = ^ (i) 



sinh t 



1 
3t 



(58) 



(59) 
(60) 
(61) 

(62) 



The asymptotic expansion of (|62() in powers of exp(— i) 
have the form 

ui{t) = 0, u 2 (t) = 1/3, u 3 (t) = (63) 

Our next purpose is to analyze the behavior of 7Tj when 
x — v 0. In this case the behavior of Y!\ ' (x) is determined 
by the the factor exp(— t/x) at the integrand which tends 
to zero when x — ► 0. Taking in account the expansion 

exp(-t/;c) ~ exp(-£/e) + exp ^~ / e J fo _ e ), 



integrating by i and taking the limit when e 
obtain that 



we 



:[ 1} (x)=0, Z$\x) 



2aB 
3ttB c 



Si 1} (*) = 0.(64) 



("2") 

The functions E^ depend of three arguments, as in- 
dicated in J53J). The asymptotic expansion of IJ551) . J5S)| . 
(|57|l in powers of exp(— £) and exp (£77) produces an expan- 
sion of (|53|1 into a sum of contributions coming from the 
thresholds, the singular behavior in the threshold points 
originating from the divergencies of the t— integration in 
(|53|l near t = oo as it was made in JlJ . The leading term 
in the expansion of (|55|l . (|55)l . (jS*7|) at t — ► oo are 
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2 
I-77 2 



exp (-£(1-77)), (65) 
(66) 



2exp(-2t)). 
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The function M(oo, ?y) = 1/2, one obtains near the lowest 
singular threshold (n = 0, n' = 1 or viceversa for i = 1, 
n = n' = 1 for i = 1, and n = n' = for i = 2). Taking 
into account this expansion we can write the expression 
(|53|l for the first and their modes as 
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In limit x — > we get only one expression with singularity in the first threshold 
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By carrying out the integration on rj we obtain 
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Its behavior in the low frequency limit is given by 
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which we can express as 
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Now, the behavior iti near of the first threshold can be 
determined from (j72(l by taking into account the point 



ArriQ — e with e > and e — > 



Under such condition, by substituting the last one and 
the second expression of (|64[) in J5UJ), we have that the 
second eigenvalue of the polarization operator can be "2 
written as 
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In the same approximation 
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X. APPENDIX B 



The function <fi„ n , is given by 
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where, calling y = ^!. ^ and z\ = k 2 ; ' "' 
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G. 
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1/2 



("' -1)! n-n 



^— ^y— ^-(y)^,-" (l/)exp[-y], 



JV (1) , 



n — n' — 1 j n—n +!/'„, \ rn-n'-l 



(n-l) 



i"r_" 1 +i (y)Lr"- i (y)exp[-y] 



Here L™(y) are generalized Laguerre polynomials. Laguerre polynomials with —1 for lower index must be taken as 
zero. 
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